Abstract. Let (A/Z) , ... , MZn ) be an n-tuple of shift operators on the polydisk I2{IP) ; we compress it to a variety of subspaces of l2(Z") that are combinatorially constructed. The main result is a multivariate Fredholm index formula, which links the indices of the «-tuples to their combinatorial data in the definitions of the subspaces.
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In [11] , Taylor, using homological algebraic methods, introduced a natural spectral theory for «-tuples of commuting operators acting on Banach spaces. Fredholm theory and index theory are developed with respect to this spectral theory [2, 3, 8] . While this several variable spectral theory is a natural generalization of the classical single operator theory (when « = 1), the techniques of computing these spectra are so different from or, much more complicated than, that of single operators.
The problem of deciding the spectral pictures of various classes of «-tuples of operators is very essential in multivariate operator theory and has deep applications to many areas of analysis, such as function theory on domains in C" . Many examples have been investigated through many different techniques [4, 5, 7, 9, 10] . In this note, we use the homological method to compute the spectra and Fredholm indices of a new, interesting class of «-tuples of operators. We will give an index formula for these «-tuples in terms of combinatorial data in their definition. An interesting consequence of this is that some combinatorial property of the operator forces the index to be nonzero.
To be more precise, we denote by T = ( T\,... , Tn) an «-tuple of commuting operators on the Hubert space H and by K(T, z) = {Kq(T, z), dq} the Koszul complex of T at z e C" , where Kq(T, z) is the space of g-cochains and dq is the differential map at degree q. We refer the reader to Taylor's original papers [11, 12] for a more detailed account of these concepts. Recall that a point z in C" is said to be in the Taylor spectrum o(T), if the Koszul complex KiT, z) is not exact. The cohomology groups of the Koszul complex KiT, z) = {Kq(T, z), dq} is denoted by HqiT, z). The essential spectrum of T is defined to be the set of points in C" such that at least one of the groups HqiT, z) is infinite dimensional. A point z is a Fredholm point for T, if all Hq(T, z), 0 < q < n , are finite-dimensional spaces [11, 12] . In this case, an index can be defined
Now we define a special class of «-tuples of operators which is the main object of study in this paper. Let /2(Z) be the little I2 space on the integers Z, P the orthogonal projection onto the nonnegative part of I2, e.g., Pl2(Z) = {f\f £ l2(Z), /(«) = 0, « < 0} , and Q = 1 -P. Define
There is an orthogonal decomposition of H H= E \J(ai,...,an), In §2 we give the proof of the above results, and in §3 we will discuss how to compute each cohomology group Hq(uL -X) by reducing the problem to the graph theory.
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In this section, we first prove several lemmas that illustrate the general methods to handle the operator «-tuples uf -X, and then, using these lemmas, we prove Theorem 1. Remark. Not all uL are commuting. For example, if « = 2 and L = {(Q, P), (P, P) » (Q, Q)} , then uL is not commuting. Lemma 2. If uL is commuting and Lq c L is an {A f}-invariant subset for all i, then u1* is also commuting and, in this case wL_L° is also commuting.
Proof. Since uf \J(ax, ... ,an) c \J(ax, ... ,an) + \J(Af(ax, ... , a")), we see that, if Lo is invariant under {Aj-}"=1, then V(^o) is an invariant subspace of uf. Therefore, the restriction uh is also a commuting «-tuple. In this case, uL induces a commuting «-tuple on the quotient space \J(L)/\J(Lo) = \/(L\Lo) which is equal to ml_z-° ; therefore, uL~La is commuting. It is a standard fact that the Euler numbers have the following relation: Note that ind(uL" -X) = (-l)p\Lp\. The proof is thus complete.
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In this section, we discuss how to determine the cohomology groups Hq(uL -X). We first give a graph-theoretic representation of the operators uL and then show how certain graph operations can be used to determine the cohomology groups.
From the set A, we define a directed graph A. In the induced long exact sequence, we notice that Hq(u^a'b^ -X) -0 for all q . Therefore, Hq(aL -X) = #«(kl\{=.ö -A) for all q . The case of {a, b} coinvariant is proved similarly, only replacing the short exact sequence by 0 -\JiL\{a, b}) -* \J(L) -\J({a, b})^0.
Lemma 6 enables us to reduce the computation of Hq(uL -A) to that of a smaller graph L\{a, b} . If we can keep doing this process, we will reduce the graph L to a graph of L' which contains no arrow. Then (3) applies finally to compute the cohomology groups. But, in general, we do not know whether this procedure can always continue. However, for many examples, this method does provide a powerful tool of computation. We finish this paper by giving several examples. Step 1
Step 2
O o
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we get only one point left which is degree 1.
Therefore, if A e D" , Hq(uL-X) = (l, q=U U ' 10, q±\.
